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Abstract 

Bialgebras, defined by means of Yang-Baxter operators which verify 
the Hecke equation, are considered. It is shown that they are Koszul 
algebras. Their Poincare series are calculated via the Poincare series of 
the corresponding quantum planes. 

The theory of deformations of function algebras on algebraic groups was in- 



vented by Manin [|12[, Faddeev, Reshetikhin, Takhtajan 0. The idea is to con- 
sider deformations of coordinate spaces, called quantum planes and then consider 
the "symmetries" of these quantum planes. For example, the quantum group 
GLq{2) is the "symmetry group" of the quantum planes A^'*^ and A^'^ |[T^. 

Quantum planes are represented by quadratic algebras, which should be con- 
sidered as the function algebras on them. Manin considered two quadratic alge- 
bras, defined on a finite dimensional vector space V and its dual V* . And in the 
simplest case, when the commutativity rules are controled by only one element q 
from the ground field, he obtained the standard deformation of GLq{n). 



Manin's construction was generalized by Takeuchi |]11| to the case of orthog- 



onal and symplectic groups. Sudbery |15| and Mukhin [g] generalized the con- 



struction to the case of an arbitrary family of quadratic algebras defined only on 
V. In fact in Manin's construction as well as in the classical case, the R-matrix 
is symmetric, so we can identify V and V*. 

One should mention some earlier works of Lyubashenko [1^ and Gurevich , 



where the authors quantized the "basic symmetry", i.e. quantized the category, 
where we are working in. 
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Thus being given a family of quadratic algebras, we want to consider their 
"symmetries" . In the language of algebraic geometry, these "symmetries" should 
be represented by a bialgebra (or a Hopf algebra if we need only "invertible 
symmetries"), which universally coacts on the quadratic algebras. It is shown 
that such a bialgebra (resp. Hopf algebra) always exists. 

In this work we consider bialgebras, which are determined as above by only two 
quadratic algebras, such that the R-matrix obeys the Yang-Baxter equation and 
Hecke equation. We call such bialgebras matrix bialgebras of type A^. We will 
show that these bialgebras are Koszul algebras and also consider their Poincare 
series. 



1 Quadratic algebras and matrix bialgebras 
1.1 Quadratic algebras 

Let k he a fixed algebraically closed field of characteristic zero, y be a fc-linear 
vector space of finite dimension d. A quadratic algebra (QA) A over V is defined 
to be a factor algebra of the tensor algebra over V by an ideal, generated by a 
set R{A) of quadratic elements, i.e. elements of ® V^. A inherits the grade of 
T{V) : A = (BnAn- The Poincare series of A is by definition the following formal 
series: 

oo 

PA{t) := dimfcAX. 

n=0 



The reader is referred to [jT2[ for the definition of the Koszul complex (of second 



kind) of A. A is said to have the Koszul property or to be a Koszul algebra if 



this Koszul complex is exact [12, R[. The following lemma is due to Backelin 



Lemma 1.1 A is a Koszul algebra iff the lattice generated by R{A) in V^"' is 
distributive for all n > 2. 

A lattice on V^"^ is a set of subspaces of which is closed under + and fl. 
The lattice generated by R{A) is the one generated by K^^A), i = 1, ■ ■ ■ ,n — 1, 
where 

R^{A) := V^'-'0 < R{A) >k 

The lattice £ is distributive if and only if for all u,v,w & C 

uH {v + w) = (uHv) + {uH w), 
u + {v Hw) = {u + v) n {u + w). 



Note that the two equations are in fact equivalent. 
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Lemma 1.2 Let X be a vector space and C be a lattice on X. Let X = 0jgjXj 
be a decomposition of X into its subspaces, such that for all u & C 

is/ 

Then C is distributive if and only if for all i E I 

Cr]X,:= {unXi\u e C} 

is a distributive lattice on Xj. 

Proof. Let Ui := uCl Xj. We have for u,v & C 

u + v = ®{u + v)i D ®{ui + Vi), 
u C ®{ui + Vi),v C ®{ui + Vi). 

Hence {u + v)i = Ui + f j. Whence the assertion follows. ■ 



1.2 Matrix bialgebras 

Assume we are given a family of quadratic algebras over a vector space, we want 
to study the algebra E, which universally coacts on this family |T3|, |15[. It is 



shown that E exists and is a quadratic algebra, and from the universal property 
it follows that E is a bialgebra. We call such bialgebras matrix bialgebras. 

We consider the following construction. Let R : V ^ V — > V ® V he a 
diagonalizable operator. Let R = Y.i=i CiPi be the spectral decomposition of R. 
Let Ai be a QA with R{Ai) = ImPj. Then the matrix bialgebra E, determined 
by the family {Ai\i = 1, 2, ■ ■ ■ , k}, is the factor algebra of the tensor algebra over 
El := V* ®V hj the ideal, generated by 

R{E) = Im(7^- 1), 

where 7^ := S23iR*~^ ® R)s23 ■ (V* (g) V)®^ — > {V* ® 1/)®^ S23 denotes the oper- 
ator which interchanges elements in 2-nd and 3-rd places of the tensor product. 
Later on we shall however identify 7^ with R*'^ (g) R, acting on V*^^ (g) V'^'^. The 
matrix R is some times called an R-matrix. The construction is called Yang- 
Baxter if R obeys the Yang-Baxter equation 0. 

We are interested in the case when R obeys the Hecke equation 

{R + l){R-q) = 



with q ^ 0. R is then called a Hecke operator and E is called a matrix bialgebra 
of type Ad-i, i.e. E is considered as a deformation of the function algebra on the 
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semigroup of dx d matrices. Thus we have two QA's. We denote them by A and 
S, where 

R{A) = lm{R+l), R{S) = lm{R-q). 

This construction is motivated by the symmetric and antisymmetric tensor alge- 
bras over V together with the function algebra on End(\^) coacting upon them. 



1.3 Standard deformations 



The most interesting example of the construction described in Section |1.2| which 
has many applications in theoretical physics is the case, when R is Drinfeld- 
Jimbo's R- matrix. We restrict ourselves to the case of R-matrix of series Ad-i, 
which gives the standard deformation of GL{d). This deformation plays a crucial 
role in my work. On some fixed basis xi, X2, ■ ■ ■ , the operator R'^ is given by 

R^:=qj:el®e\ + ^ E ® e} + (g - 1) ^ ® e^, (1) 

1=1 i,j=l iy^j i<j 

where is the operator : V — > V, Xkcj = S^Xi. R obeys the Yang-Baxter 
and the Hecke equations. The two QA's defined by R are 

S'^ = k < Xi, ■ ■ ■ , Xd > / (yXiXj = ^JqxjXi., % < j) , 
and A^ = k < x\, - ■ ■ ,Xd> /(x^ = 1, XjXj = —^XjXi ,i < j). 

The matrix bialgebra E is defined by: 

44 - Vqzlz^ = 0,k<l, 
z-Zj - Vqz-zf = 0,i< J, 
Zjzl-zlz^ = 0,i<j,k<l, 

+ (v^~' - ^R)A4 + = 0' 
z < j, A; < /. 



It is shown that 5"^, A? and E'^ have PBW bases |]I2[- By a theorem of Priddy 
13, 5"^, and E'^ are then Koszul algebras. 



1.4 Hecke algebras 

The reader is referred to for a beautiful description of symmetric groups and 
Hecke algebras. We recall some important facts. The length of an element w of 
the symmetric group ©„ is equal to 

l{w) := < i kiw> jw}. 
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The basic transpositions Vi = + = l,2,---,n — 1 generate An 
element w G (5„ can be expressed as a product of l{w) basic transpositions. Let 
B denote the set of the basic transpositions. The elements Vi,i = 1,2, ■■■ ,n — 2 
generate a subgroup of ©„, isomorphic to &n-i- By means of this isomorphism 
we will consider ©„_i as a subgroup of ©„. The following lemma will be needed 
in the next section. 

Lemma 1.3 For every element v in 6„ \ ©n-i there exist elements w and w' in 
&n-i one? i, j,l < i, j < n — 1 such that 

V = ViVi+i ■ ■■Vn-lW, 

V = w'Vn-lVn-2 ' --Vj 

for some 1 < i, j < n — 1. 

Proof. For w in ©n-i and l<i<n — Iwe have 

K'^i ' ' ' '^n-iw) = l{w) + n — i 
hence for w w' in (5„_i and l<i,j<n — 1 

WVi--- Vn-lW T^Vj--- Vn-iw'. 

Whence the first equation of the lemma follows, the second equation is proved 
analogously. ■ 

The Hecke algebra 7^„ = 7Yg^„ as a fc-space has the basis T^, w G (5„ with the 
multiplication subject to: 

1- T, = 

2. TujTy = T^^ if l{wv) = l{w) + l{v). 

3. T2 = g + (g-l)T^ hi v = {i,i + l),i = 1,2, ■■■ ,n ~ 1. 

We shall allways assume that [n]q\ ^ and q 0, therefore 7i„ is semisimple. 
If this is the case, Tin is isormorphic to a direct product of matrix rings over k 
i i- Put 

ween 
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Then Xn,yn are idempotents and 

TyjXn XfiTyj (2) 
T^yn = ynT^ = {-l)'^'"hn (3) 

(cf. 0, 3). According to Lemma p..3| we have 



[ri,]gX„ = + Ty^_^_-^ + Ty„_^Ty„_2 + ■ ■ ■ + ^j;„_i ■ ■ '^iii); (4) 

where Vk denotes the basic transposition: Vk = {k,k + 1). 

Let us consider the representation p of the Hecke algebra 7i„ on Endfc(y®") 
induced by a Hecke operator R: 

p-.Hn^ End,(-l/®"), 
p(T„J : X I — > xi?", z = 1,2, ■ ■ ■ ,n - 1, 
where i?f := id®^"^ ® ® j^^^-i-i . y^n — ^ g quadratic 

algebras with 

= Im(i? + 1), R{S)=lm{R~q). 

Then = Imp(?/„) , = Imp(x„) [g, hence 

s„ := dimes' = x(x„) , A„ := dimfc/l„ = (5) 

where x is the character of p. Thus the character x determines the Poincare series 
of A and S. In Section 2.1 I will show that the Poincare series of A determines 
X- 



2 Matrix bialgebras of type An 

In this section we define the Schur algebra of a matrix bialgebra of type An, 
which will be called R-Schur algebra. We show the double centralizer theorem 
for it. Using R-Schur algebra one can calculate the Poincare series of the matrix 
bialgebra. This will be done in 2.1. In 2.2 we show that the matrix bialgebra is 
a Koszul algebra. Using this fact we give in 2.3 the formula for calculating the 
Poincare series of the matrix bialgebra via the ones of the quantum planes. 



2.1 R-Schur algebras and the Poincare series of E 

Let E be the matrix bialgebra defined as in the first section by a Hecke operator 
R. Every homogeneous component En of is a finite dimensional coalgebra, 
hence its dual E* is an algebra. The R-Schur algebra Sd on V is defined to be 

oo 

= Sd^ny Sd^n •= E^, 
n=0 
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where d is the dimension of V. Let 6n be the isormorphism 

6n{Xi • ■ ■ X„ (g) t/i (g) ■ ■ ■ ® ?/„) = (Xi (g) t/i (g) ■ ■ ■ (g) X„ (g) 

Let us consider the natural action of E^ on V^" by 

The Hecke algebra 7i„ acts on V'^'^ by the representation p in Section O 



Theorem 2.1 T/ie natural action of E* on V'^"' and the action p of Tin on V^^, 
induced by R, are centralizers of each other in Endfc(V^). 

Proof Using 9^ one can identify E* with a subspace of ® Then E* 

acts on V^®" as follows. For f = T.i fi® fi ^ K^x e V®'^, 

i i 

The Hecke algebra acts on V"®" from the right with 

xT^^ = xRk, Vk e B. 
Since E'* is invariant under A; = 1, 2, • • • , n — 1, we have for f ^ E* 

i i 

Hence for = 1, 2, ■ ■ ■ , n — 1, 

/(xT,J = Y.h< fn^Rk >=T.f^< ftRl\^ >= 

i i 

Y^hR'k' < f:Ri\x >Rk = J2f^< f*\^ >Rk = Ux)T.,. 

i i 

Thus we obtain the embedding E* End7^„(V®"). 

Let now g be an element of End7^^(V^'®") EndfcV^*®". Using 6 one can 
consider g as an element of V'^"' V*^^: g = J2i ®> dl- Then g acts on as 
follows. 

i 

Since g e End-H„(V®"), one has 
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Hence for = 1, ■ ■ ■ , n — 1, 

J2g^< g*\x >=Y,g,< g*\x > Rk, Va; G F®", 

i i 

therefore 

gn*-' = J2{g, ® g*){R,' ^Rl)=J2g,^ g*. 

i i 

Thus ^ End7^„(V®") as subalgebras of the algebra Endfcl/®". 

Since Tin is semisimple, i?* = End7^„(V^®") is also semisimple and by the 
density theorem (see for example Chapter 10) the homomorphism 



Tin End^.F®" 

is surjective, that completes the proof. ■ 

Let ^1, ■ ■ ■ 5 -^m be simple subalgebras of 7Y„. Since the fc-dimension of Ai 
is independent of the field k, it is a matrix ring over k. Let be the unit element 
of Ai^ then o-i = ^Hn- W^e have 

m m 
i=l 1=1 

Hence 

E: = End^„(V«Mi) X ■ • • X End„„(V®M^). 

dimfc(l^®"^j) is equal to x{C'i)y where Oj is the unit element in Ai. Let rj be the 
/c-dimension of the simple 7i„-module, which corresponds to A^. Then 

End«„(\/«"A) = M(x(a,)/r,), 

hence 

dim,E: = u^r- (6) 

Thus, for calculating the dimension of En, it is sufficient to calculate the character 
X of p. We show that this can be calculated via the Poincare series of S. We 
shall do it in three steps. 

Let Cn '.= {ci = V1V2 ■ ■ ■ Vi_i\vi = + = 1, 2, ■ ■ ■ , ra)} be a subset of ©„. 
In the first step we show the following lemma. 

Lemma 2.2 For all v G Gn, x{Tv) is a polynomial on x(^cj with coefficients 
being polynomials in q. 
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Proof. We use induction. Consider the sequence 

©1 C 62 C ■■■ C 6„ 
where &i is generated by vi, V2, - ■ ■ , Vi-i and assume that the assertion holds for 



elements of &n-i- Let v ^ ©n-i- According to Lemma [1 .31 one has 
Hence 

tri?„ = tr^Ry. ■ ■ ■ Rv„_iRv') = 

i'^{Rv„-T_Rv' Rvi ■ ■ ' Rvn~2) ~ 5Z ^Ultr(i?t,^_ji?ui) = 

^ k^tT{R^^_^R^) + J2 fc«rf""tr(i?^„_,i?„) 

where /c^ are polynomials in q. Since f„ and 6n-2 commute, the terms in the 
latter sum of the last part of the above equation are polynomials in trcj,i = 
1, ■ ■ ■ ,n — 1. Thus it is sufficient to show that tr(i?^^_-^i?^) are polynomials in 
trcj, i = 1, ■ ■ ■ , n — 1 for w G &n~i \ &n~2- There exists an element w' G &n-2 
such that 

rri rri rri rri rri 

— -^Vh-^Vk + l ' ' ' ^Vn-\-^w'- 

Proceed the above process once again, so that we can restrict ourselves to showing 
that tT{Ry^_-^Ry^_^Ru),u G &n-2 \ &n-3 are polynomials in trcj,? = 1, 
After n — 2 times we are led to the element tr(i?^^_ji?t,^_2 ■ ■ ■ Rv^)- We have 
Ti,^_j ■ ■ ■ = Cn, which concludes the proof. ■ 

According to the equations one has 

[n]qX{xn) = trp(x„_i(l + T^„_, + Ty„_,Ty„_^ + ■■■ + T^„_i ■ ■ -T^J) = 
trp((l + T^„„, + T^„_iT^„_2 + ■ ■ ■ + T^„_i ■ ■ ■ T^i)x„_i) = 
trp(a;„_i) + [n - l]gtrp(T^„_^a;„_i) = 
X{xn-i) + trp(T^„„,x„_2(l + T^„_2 + ■ ■ ■ + T^„_2 ■ ■ ■ T^J) = 
X{xn~i) + trp(T^„_,x„_2) + [n- 2]gtrp(T^„_,T„„_2X„_i) = 
Xixn-i) + d'"'xiTcMxn-2) + [u - 2]gtrp(T^„_,T^„_2X„_2) = ■ ■ ■ = 
X(a;„_i) + d~^x{TcMxn~2) + ■■■ + d~^xiT,„_Mxi) + x{TcJ, 

therefore 

[n]gX{xn) = x{xn-i) + c?""x(TcJx(x„„2) + " " " + d'^'xiTcn-Mxi) + x{TcJ- (7) 

That means x(TcJ,Ci G Cn are uniquely determined by x{xi),x{x2), ...,x{xn)- 
Consider Ck and Xk as elements of Hk, thus we have x{xk) = Sk- Let denote 
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po := l,pk = Xk{Tc^+i),k > 1 and 

oo 

p{t) = E Pfc^' 



fc=0 



The equation (|^) is then 

[n]qSn = S„_iPo + PlSn-2 H h Pn-lSo (8) 

or Ps{t) ■ P(t) = J2'^=i[n]qSnt'"'. Thus we have shown the following theorem. 

Proposition 2.3 The character x of the representation p can be determined by 
rational functions in Si, S2, ■ ■ ■ , Sn and q. 

From this proposition and the equation (P) the theorem follows immediately. 

Theorem 2.4 Assume that q 7^ 0, [n]g\ 7^ then dim^i^^ is a rational function 
on Si, S2, - ■ ■ ,Sn and q. 



2.2 The Koszul property 

The idea of proving that S, A and E are Koszul algebras is based on using Lemmas 
p..l| and \L.2[ We decompose the homogeneous components of those algebras into 



simple 7Y„-modules and 7ig-i,„ x 7i„-modules and prove the assertion (in terms 
of lattices) for each module. The assertion for these modules is again provided 
by the Koszul property of the standard deformation and the mentioned above 
Lemmas. 

Let us denote by A{d, n) the set of all compositions A = (Ai, A2, ■ ■ ■ , A^ ■ ■ ■) of 
n with Aa = if a > d and V{n) be the set of all partitions of n. Then the set of 
simple 7i„-modules can be indexed by V{n) 0. Let /x e V{n) denote the set 
of all simple Tin-modules. Then we have for some subset K of V{n) 

V^- = CkCk, (9) 

keK 

where the integer coefficient denotes that Ck appears Ck times in the decompo- 
sition. By considering the action of H-g-i n on V"*®" via R*~^ we get the similar 
equation 

with Cj denoting simple modules of 7ig-i_„ . Hence 

(j,k)eJxK 
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is the decomposition of V^*"^" \/®" as 7iq-i,„ x ?i„-module. We also have 

lm{R, + 1) = Cfc(Im(i?, + 1)UJ, (10) 

k€K 

Im(i?, - g) = Cfc(Im(i?, - g)UJ, (11) 

keK 

Im(7^,-l)= c,c;.(Im(7^,-l)|^^,«^J. (12) 

{j,k)eJxK 

We remark that the action of Tin on £^ does not depend on R but only on /i. 
Let us consider Drinfeld-Jimbo's matrix R^. From a theorem of Priddy ([^ 



Theorem 5.2) it follows that yl^, S*^, i?^ have the Koszul property. To every com- 
position A there corresponds a partition A obtained from A by reordering its 
elements. The equation (|^) for is 

y^n^ Cj (13) 
AeA(d,n) 

(0, Proposition 5.1). li d > n, V{n) C A(d, n), hence all simple modules of 
Tin appear in this decomposition. According to Lemma Im(i?j + l)\cf.,i = 
1,2, ■ ■ ■ ,n — 1 generate a distributive lattice on Ck- The same fact is true for 
lm{Ri - q)\ck,'>' = 1,2, ■ ■ ■ ,n - 1 and Im(7^j - l)\c'^(^Ck,'i = 1,2, ■ ■ ■ ,n - 1. Using 
Lemma |1.2| again we obtain the following theorem. 



Theorem 2.5 Assume that q ^ 0, [n]q\ ^ then the algebras A, S and E are 
Koszul algebras. 



2.3 The Poincare series of 

In this section we will give a formula to calculate the dimension of En by the 
dimensions of Si,i = 1,2, ■■■,n. Since E is a Koszul algebra it is enough to 
calculate the dimension of Bn, where i?„ := n"J'/lm(7^" — 1) |T^. We will assume 
that q is transcendent over Q. 

We introduce the following operator P: for S being a Yang-Baxter operator 
onV (^V, PniS) operates on 

Pi{S) = idv, 

Pn{S) = [n]-\Pn^,{S) ® id)(id + Sn-1 + --- + Sn-lSn-2 " " " 5i). 

Let = P„(-7^) and $^ := Pn(-7^'?), R" is the Drinfeld-Jimbo's Matrix (g). 
For X = x{q) a polynomial on q, one considers the following operation {—)t'- 

(-)t : X = x{q) I — > {x)t ■■= x(l). 
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As we remarked in the previous section, the representation p of Hn, induced by 
R on V®"-, restricted on a simple modules £^ does not depend on R any more. 



The same is true for the representation of 7i„ ® T^q-^,n on Ei. For an element 
X eHn one can then define {tTp{x)\c^)t and {tTp{x))t := E^g/(trp(a;)|£^)t. 

Let PnXf, := Pn{-'R■)\c^'(^c^,, then PnXf, does not depend on R. 
Theorem 2.6 Assume that q is transcendent over Q then 

n-l 

Im$„ = fl Im(7^^ - 1) = (15) 

i=l 

dimjm$„ = {tT^n)t- (16) 

Proof. The inclusion 

im<i>„ c fiM^r- 1) 

holds for all Yang-Baxter matrix R. It remains to show the inverse inclusion. We 
first show it for the R-matrix from (|l|). For R = R'^ with q transcendent on Q, 
E"*^ has the correct dimension: 

Since is a Koszul algebra, we have 



dimfcf|Im(7^^ - 1 

Thus 



V n 



dimjm$^ - ( t j • ^^^^ 

On the other hand, if g = 1, $^ is a projector, hence its eigenvalues are 1 and 0, 
and one has 

dimfelm$^ = tr$^ " ( 1 ) ' 

Rank of an operator is not less then the number of its non-zero eigenvalues, hence 
for q transcendent the following holds 

dimjm$^ > (tr$^), = ( '^J ) • 

Thus we have 

dimjm<l.^ = (tr$^), = ( ) (18) 
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and 



n-l 



(19) 



i=l 



The formulas (|T8D and (|T^) hold for all n and q transcendent. If li > n, then all 
simple Hn modules appear in the decomposition (|1^). Hence 



i=l 



dimfcM^I^^ = (tr$^UJt- 

Using the Equations (^-(0) we obtain the assertion for an arbitrary Hecke 
operator R. ■ 

Let pk := (tr/?cfe+i)t, k>l where Ck = {1,2, k) e Hk, Po ■= 1- Set 

oo oo 

P(t) = $:pX and P2{t) = J2ple. 

n=0 n=0 



Theorem 2.7 Assume that q is transcendent over Q then 

PE{t) = exp{ f P2{t)), 
Jo 

where pn can be calculated by the formula 

p{t) = pm-Ps{tr'. 

Proof. Let 



n-l 



bn := dimfc fl Im(7^^ - 1) = (tr$ 



n)t- 



i=l 



By definition 

itTn,,^,)t = pl,k>o. 

Since (tr(7?.^,7?.^))t = (trT?.^^)^ for all v,w & we have 

n(tr$„)t = (tr<l>„_i)t - p?(tr$„„2)t + ■ ■ ■ + (-l)"-Vn-i 



or 



n-l 

nbn = Y.^-lfplbn-k-1- 

k=0 



(20) 



(21) 
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Whence the equation ( pOD follows. On the other hand, from it follows 



n-l 

nSn = J2Pk^n-k-l- 



k=0 

Whence the equation ( PT] ) follows. 
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